INTRODUCTION
Since ancient times, mathematicians have been interested in the study of geometric figures. It is worthy to mention that great mathematicians, such as: P. Ferma, K.F. Gauss, L. Euler, V. Serpinski, H. Steinhouse et al., were interested in the study of such figures properties. We call such figures as Diophantine due that to determine the properties of each of them they need to be solved by a certain Diophantine equation (system of equations). By V. Serpinski and H. Steinhouse were stated and solved number of problematic issues related to this topic. Here we will stop on consideration of one of them.
Task: For each nN  on the plane will be find not locatedon a line such n points, for that between each two of them the distance will be expressed in natural numbers.
For solving this task, they have shown that for nN  always exist a Diophantine n-gon, the question arises here: exists or not for each fixed kN  the Diophantine n-gon, the distance between any two vertexes of that is equal tok, and if so, then find all suchn.
From the tasks under study on Diophantine geometrical figures, one of the most important is obviously the following: Task* (n;k).Exist or not for any fixed k natural number the Diophantine n-gon ( ≥ ) those length of arbitrary side or diagonal is equal to k, and if so, then find all such n.
It is shown by us that is not exist such Diophantinen-gon, both convex and concave, those lengths of arbitrary side or diagonal are equal to 1. I.e. for 1  k the above-mentioned issue has been solved.
BASIC PART
To prove this, let us consider a few tasks. Let's assume the opposite. I.e. let's say that in rectangle ABCD the length of each side and diagonal is expressed by the natural number, and also the length of one of the sides, without limiting of generality let's say that 1  AB .
According to Lemma 1 AC BC  and AD BD  . This is impossible, because then C and D the points should be located on the median   AB .
I.e. our assumption is false. Therefore accordingly of this condition, the length of each side of ABCD is greater than 1.
Now let's say that length of the ABCD diagonal is equal to 1, without limitation of generality let's say 1  AC .
According to Lemma I.e. finally we have that the length of each side and diagonal of each convex Diophantine rectangle is greater than 1. Q.E.D. Lemma 3. If none of the located on the plane four points are not located on one straight line and at the same time distance between each of them is expressed by a natural number, then each of these distances is greater than 1.
Let's assume the opposite. I.e. let's say that there are such four points on the plane, none of them are located on one straight line, the distance between each of them is expressed by a natural number, and at the same time some of them are equal to 1. Then, according to Lemma 1, the remaining both points must be located on a median of segment with equal to 1 length. Here we would have two 
. , ,
This is impossible. Thus the distance between arbitrary two points from these given points is greater than 1. Q.E.D.
Theorem 1. The length of each side and each diagonal of convex Diophantine n-gon
Let's assume the opposite. I.e. assume a convex Diophantine n-polygon ( 3  n ), the distance between any two vertexes of that is equal to 1. By virtue of Lemma 1, the remaining vertexes should be located on the median of the connecting these two vertexes segment. Because this n gon should be convex, so obviously is n= 4, but according to Lemma 2 such rectangle does not exist. I.e. our assumption is false, or the length of each side and each diagonal of arbitrary convex Diophantine n-
Theorem 2. If from located on the plane n-point ( > 3), none of the three poins is located on one straight line and the distance between each of them is expressed by a natural number, then each of these distances is greater than 1.
As in the previous theorem, if the distance between arbitrary two vertexes of a Diophantine npolygon is equal to 1, then the its remaining vertexes should be located on the median of connecting these two vertexes segment. If we take into account that none of these vertexes are located on a one straight line, then we will have only the following cases (see Fig. 5 ).
The first fours have no solution according to Theorem 1.All fours will be as 1) and because there is not exist such Diophantine rectangle, therefore are not exist 2), 3) and 4) Diophantine rectangles, and the last four have no solution by virtue of Theorem 2 (Here, too 6), 7) and 8) by fill will be reduced to 5). I.e. our assumption is false or each of the distances given by the task conditions is greater than 1. Thereby fully is proved.
I.e. we have proved the following theorem. 
Task* (n;1)does not exist such a Diophantine n-gon (n≥3), both convex and concave
It is known that the sum of the diagonals length a convex tetragon is greater than the sum of the lengths of the opposite sides.
this is impossible. Thus such Diophantine tetragon is not exist.
Is given:
From the tetragon
We have:
This is impossible. Thus such Diophantine tetragon is not exist.
Is given:
From the rectangle AED  and rectangle AEB  we have: 
; ;
Proceeding from the task conditions the B and C points are located on the middle perpendicular of   AD , thus
From the rectangle AEB  and rectangle CED  we have: 
Such Diophantine tetragon is not exist, because the sum of the lengths of diagonal of the convex tetragon will be greater than the sum of the lengths of the opposite sides of this tetragon, i.e. it should be CD AB AC BD    , but proceeding from this we would have
, that is impossible.
, , , ; 1; 1; ; ;
In VIII, similarly to VII would be CD AB AC BD    , but proceeding from this we would have
. Thus such Diophantine tetragon is not exist.
Let's circumscribe from the point A by radius   AD and point B by radius   BD the arcs and say they intersect   BC at points K and M, respectively.
. 12 12 9 12 12 9 2 1 2 3 1 1 2 1 2 3 12 12 9 21 1.
From that we will obtain:
(*) 0 13 40 28 13 37 62 24 24
Proceeding from this
Ifb=2kthen from (*) we have:
that also is impossible. I.e. such Diophantine rectangle is not exist. 
From the last equation we have: 
. , (**) Is given:
From the rectangle BED  and rectangle CED  we have: 
From the obtained equation leads that: a=2p; N p  . By introduction we will obtain:
For c=2 we will obtain the yet known to us Diophantine trapezoid. The arbitrary other solution of (1) currently is unknown. In our other natural solution is not exist.
we have:
From the rectangle AKD  due the Pythagorean Theorem:
from that we will obtain:
. Similarly to XIIIIIwill be obtained: (2)
Currently is not found even one solution of (2). In our opinion it will not have the solution on natural numbers. Is given:
and ABC  due the cosine's theorem we have: 
If we in (1)introducea=b-ს , we will obtain: 2  )  8  8  4  6  6  9  (  4   2  2  2  2  2  2  2  2  4   a  a  a  a  a  a  a  a  a  a  a  a  c  c   9  12  12  4 
, Which has no solution in natural numbers, because otherwise its left side would be flat and the right side would be odd. As for (1), at present we do not know at least one in the natural solutions, because, in contrary, it's left side will be even and the rigjt sidethe odd. As for (1), Currently for us is unknown even one from triplet natural solutions.
(1) represents the Pelli equation. By it's solution we obtain the natural solutions of (1).
Amongst them first three pairs are pairs: 
Is given: . . , , ; 1 From AOD  due the law of sines we will have: 
solution of takes is reduced on the solution of following task.
Let's solve in naturala, b, mდა nnumbers the equation
From the right triangle l AFA  due the Pythagorean Theorem: 
(*). From (*) we have:
I.e. if exists such Diophantine tetragon, then cwill satisfy the conditions 1 and 2 .
From the rectangles l p EA A  and l k EA A  we have: 
Due the simple transformations we will obtain the equation: 
Let's now consider the issue of inscribed in a circle and circumscribed on a circle for such Diophantine tetragons, the length of one of those sides is equal to 2.
As we have seen, in some cases on the XIV type Diophantine tetragon will be circumscribed the circle. Now let's study whether or no inscribe in this kind of Diophantine tetragonthe circle?
Task2. 
Due the introduction of a=2 in (1) we will obtain: 0  13  4  8  3  4  4  3  5  2   2  2 Due the introduction ofb=2 in (1) we will obtain: 
Let's now consider the issue of inscribed in a circle and circumscribed on a circle for XIV type Diophantine tetragons.

Task3.
Is given: ABCD is inscribed in the circle; . , ,
We will obtain that ABCD is rectangle. Thus
This is impossible. Thus such Diophantine rectangle is not exist.
Task 4.
Is given: □ ABCD is circumscribed in the circle;
. . ; , ,
ABCD is inscribed the circle). a  a  b  ab  b  a  b  ab  b  a   392  112  112  364  364  104  196  196  16  169   9  12  12  12  16  16  12  16  16   2  2  2  2  2  2   2  2  2  2 I.e. such Diophantine tetragon is not exist.
Task 5.
Is given: ABCD is circumscribed on the circle; . , , . 
This is impossible.
II.
This case is considered in I of CHAPTER III.
III.
This is impossible.
I.e. does not existing the circumscribed on the circle Diophantine tetragon those length of diagonal is equal to 2.
Remark: A case when the length the diagonal of inscribed in the circle Diophantine tetragon is equal to 2 is considered in Task 7.
As already was mentioned, mathematicians were interested by the study of integer geometric figures since BC, despite this only some of the tasks occurs in this scope as oasis in the Gobi desert.
The reason for this result is the absence of a unified method that would give the possibility us to study the properties of each Diophantine geometrical equation from the characteristic equations of this figure in a refined laconic way, to obtain in as simple as possible, the Diophantine equation (system of equations) andsimultaneously description in the optimal way for solving the equation. In this paper we will consideralso this issue.
We have proved in § 3 that there is no Diophantine n-gon (n> 3), both convex and concave, those lengths of arbitrary side or diagonal are equal to 1 Therefore, the task * (n; 1) is completely solved. As we have seen above, solving the task *(n; 2)for k = 2 is the quiet complex problem even for n = 4, or for case of rectangles. In particular, as we will see below, even in the simplified case when the two sides of the Diophantine tetragon are parallel (the other two are parallel or not), the task *(n; k)for k = 2 is rather complex.
Task 6. Find all Diophantine parallelograms and Diophantine trapezoids those length of one side or diagonal is equal to 2.
It is known that for each Diophantine tetragon the length of each side and diagonal is more than 1, and if in Diophantine MNP
Let's say that conditions of task is satisfied by ABCD :
;
. 
In this case for solution of issue will be considered 9 cases, and as we will see further for 2  a we will consider 27cases. This is so labor consumptive that even at the solution of most complex problem, will be lost any desire to continue the work. There we shall propose the method that drastically reduces the number of considered at solution of this type tasks variants.
Let's say
, from that by simplification we will obtain   2 2
It is obvious that . Due the introduction the (4) we will obtain the four equations: (8) . (This formula is valid as for ABCD trapezoid, as well as for ABCD parallelogram). If we consider that:
, then from (9) we will obtain: we will obtain that:
i.e. 
 
. Due introduction of these data in (9)we will obtain:
Thus we will obtain expressed on XII3 trapezoid. (See Fig.7 ). (Let's notice that t6hhis was found (in 1989) the first Diophantine tetragon, those length of side is equal to 2). III. 
. There also as in II let's say: For these values in the first three cases 0 2      dp lc dk ck (211), and in the fourth case
Due the try we will easy confirm that (211) and (212), accordingly of conditions (20), does not exist.
Finally we have that such Diophantine parallelogram does not exist, and from the Diophantine trapezoid only one satisfies to the conditions of task (seeFig.7). Let's consider once more task.
Task7. Let's find all such inscribed in circle Diophantine tetragon, those length of side or diagonal is equal to 2.
Let's say that ABCD satisfies the condition of task and the length of it's any side without limitation of generality will be:
. Similarly we will obtain that (32) has not the solution in natural numbers. Let's now show that by stated limitations (34) also has not the solution in natural numbers. Let's assure the contrary. Let's say ABCD satisfies the condition of task. In this case 
The (37) due the (35) condition has not the solution in natural numbers. I.e.
From AOD  and ACB  due the application of inequality of triangles is easy to show that 
With taking into account (38) from (36) we have:
(42)
It is easy to show that these equations have not the solution in natural numbersif:
I.e.finally we have that length of each diagonal of inscribed in circle Diophantine tetragon is more that 2 and all having equal to 2 side Diophantine tetragon by the solution of Diophantine
(44)
Let's mention that from the found Diophantine tetragons those length of any side is equal to 2, all will be inscribed in circle. Currently is not known this type of Diophantine tetragon on that would not circumscribed on circle. Even worse is situation related to the Diophantine tetragons those length of any diagonal is equal of 2. We have shown that if they exist, on them will not be circumscribed the circle, but what happens is other case is unknown to us, although as we have seen from the discussion of Task-2 (I-XVII), we have made attempts.
The method shown by us in Task-2 and Task-3 does indeed significantly reduce the number of variants under consideration. However, the method of solving the obtained Diophantine equations is clearly expressed. All of this, for task*(n;k), generally would be summarized as follows:
Consider n-gon vertices for all Diophantine triangles thhhose distance between any two vertices is equal to k, and taking into account that the modulus of difference of the other two sides represents an element of   to the Diophantine equations obtained by using the triangle inequalities and also by the result of the task*(n;k) we have already obtained
By ((((k; n)) is denoted condition that satisfies by the Diophantine n-gon sides and diagonals when the length of any side is equal to k).
Let's return to the task*(n;k) for k = 2. 25 Finally, we have that for the task*(n;2) convex   5 ; 4 ; 3  n n-gon (though none of the Diophantine n-gons are found for n = 5 yet. In our opinion, such a pentagon does not exist) and for concave n-gons (here also for n = 5 and n = 6 we have the same picture as for convex for n = 5). Let's now consider the task*(n;3).
Similarly to k=2, If the obe side of Diophantine triangle is equal to 3 then modulus of difference in other sides would be equal to 0, 1 or 2. With taking it into account all possible
Diophantine tetragons for k-3 are presented below:
Let's consider from them the case when is obligatory for solution of issues of task*(n;3:
From the right triangles AOB  and AOD  we have:
Is given: ABCD . . , , ;
; ; 
. 3   16  8  8   3   16  8  8  3   4   3   4  ,  3   4   2   2 . This is impossible because the left side is even, and if right side is natural,then will be odd. , для вогнутых n -угольников (аналогично и здесь для 5 n  и 6 n  ).
On a Fundamental Task of Diophantine Geometric Figures
Zurab Agdgomelashvili
Abstract
The goal of the work is to take on and study one of the fundamental tasks studying Diophantine n-gons (the author of the paper considers an integral n-gon is Diophantine as far as determination of combinatorial properties of each of them requires solution of a certain Diophantine equation (equation sets)). Task*(n; k): is there a Diophantine n-gon (n ≥ 3) with any side or diagonal equal to k for each fixed natural number k. In case it exists then let us find each such n.
It is shown that there is no such Diophantine n-gon (n > 3), neither convex nor concave, the length of any side or diagonal of which is equal to 1. It means that for k=1 the above mentioned task is solved.
The studies made it possible to find certain Diophantine rectangles, one of the sides of which is equal to 2 (it is noteworthy that all of them appeared to be inscribed in a circumcircle). The studies showed that there is no such Diophantine rectangle inscribed ina circumcircle, the diagonal length of which is equal to 2. It is shown that for any natural (k ≥ 3) there is a Diophantine rectangle with the side length equal to k.
The fundamental studies showed that for k=2 and n = {3; 4; 5}for convex n-gons (though such Diophantine pentagon has not been found yet. In the author's opinion such pentagon does not exist) and n= {3; 4; 5; 6} for concave n-gons (here as well for n=5 and n=6 no such n-gon has been found yet and for the case of its existence all probable types of such figures are presented).
The paper considers task *(n; k) for k=3 and shows that in this case 3≤ n ≤7. However, neither such Diophantine pentagon, nor Diophantine hexagon, nor Diophantine heptagon have been found yet. In the author's opinion such Diophantine figures do not exist and in case they do then he presents the probable types of them.
